This article integrates fuzzy set theory in Data Envelopment Analysis (DEA) framework to compute technical efficiency scores when input and output data are imprecise. The underlying assumption in convectional DEA is that inputs and outputs data are measured with precision. However, production agriculture takes place in an uncertain environment and, in some situations, input and output data may be imprecise. We present an approach of measuring efficiency when data is known to lie within specified intervals and empirically illustrate this approach using a group of 34 dairy producers in Pennsylvania. Compared to the convectional DEA scores that are point estimates, the computed fuzzy efficiency scores allow the decision maker to trace the performance of a decision-making unit at different possibility levels.
I. Introduction
The Data Envelopment Analysis (DEA) approach has been extensively applied in agriculture to measure the productive efficiency of production entities. Charnes et al. (1978) developed the DEA methodology for measuring relative efficiencies within a group of decision-making units (DMU's) which utilize several inputs to produce a set of outputs.
DEA constructs a nonparametric frontier over data points so that all observations lie on or below the frontier. A competing method for computing technical efficiency scores is the stochastic frontier approach (SFA) developed by Aigner et al. (1977) and Meeusen and van den Broeck (1977) .
DEA approach has been favored over the SFA for several seasons. First, it requires no assumption about the distribution of the underlying data and deviation from the estimated frontier is interpreted purely as inefficiency. Second, it does not require specification of a functional form for the frontier just as economic theory does not imply a particular functional form. Third, multiple inputs and outputs can be considered simultaneously, and fourth, inputs and outputs can be quantified using different units of measurement.
However, DEA requires detailed data about inputs and outputs. It is based on the assumption that all the input and output data are crisp, i.e., all the observations are considered as feasible with probability one, meaning no noise or measurement error is assumed (Simar 2007, Henderson and Zelenyuk 2007) . This assumption may not be realistic in production agriculture where inputs and outputs of a decision making unit (DMU) are ever changing because of weather, seasons, operating states and so on (Guo and Tanaka 2001) . The dominance of uncertainty in agricultural production has seen the flourish of studies of production under risk in agricultural economics (Just and Pope 2001) . Factors used in production agriculture, such as labor, are sometimes difficult to measure in a precise manner. Input measures are often based on accounting data even though the definition of accounting costs differs from that of economic costs by excluding the opportunity cost (Kuosmanen et al., 2007) . Producer data may also be available only in linguistic form such as "high yield", "low yield", "labor intensive" or "capital intensive." The convectional DEA 1 approach is very sensitive to data measurement errors and changes in data, including outliers and missing data, can change the efficient frontier significantly. The DEA model is deterministic in nature, meaning that it does not account for statistical noise.
A number of techniques to account for the deterministic nature have been suggested in the literature, such as the techniques for detecting possible outliers (Cazals et al., 2002) and the stochastic programming approach (Cooper et al., 1998) . Notably, Simar and Wilson (1998, 2000a) introduced bootstrapping into the DEA framework to allow for consistent estimation of the production frontier, corresponding efficiency scores, as well as standard errors and confidence intervals. However, as observed by Kousmanen et al., (2007) , the statistical properties and hypothesis tests suggested by Simar and Wilson (2000a, 2000b ) focus exclusively on the effect of the sampling of firms from the production possibilities set and, hence, the bootstrap approach does not allow for data errors of any kind. Therefore, there is need for a model that can adequately represent the stochastic nature of production data at a micro-level. (Banker et al., 1984) .
linguistic variables can also be incorporated into the fuzzy DEA models (Guo and Tanaka, 2001 ).
Fuzzy DEA models are rare in the economics or agricultural economics literature.
A search for "fuzzy DEA" in the AGRICOLA, AgEcon Search, and EconLit databases returned no items. The only recent application of fuzzy DEA in agriculture is by HadiVencheh and Matin (2011) who compute efficiency scores for wheat provinces in Iran.
Other applications of fuzzy set theory in agricultural economics include van Kooten et al Analysis of technical efficiency using fuzzy DEA models is very useful to the decision maker and presents several advantages. First, uncertainty in measurement can be incorporated in DEA model at different degrees. Second, linguistic variables can be incorporated into the DEA model, e.g., expert judgment and environmental variables.
Third, fuzzy DEA can be used to deal with missing data, and fourth, the decision maker can trace how the efficiency scores vary at different levels of uncertainty.
In what follows, the convectional DEA model is presented followed by the basic concepts of fuzzy set theory and how those concepts are integrated into the DEA framework. Then, a literature review of numerical and empirical fuzzy DEA models is presented. The data set is discussed next followed by an application of the fuzzy DEA model to that data and discussion of the results. Then, the article concludes.
Methodology

Convectional DEA Model
Data Envelopment Analysis (DEA) is a non-parametric methodology for measuring efficiency within a group of decision-making units (DMUs) that utilize several inputs to produce a set of outputs. DEA models provide efficiency scores that assess the performance of different DMUs in terms of either the use of several inputs or the production of certain outputs. The input-oriented DEA scores vary in (0, 1], the unity value indicating the technically efficient units (Leon et al., 2003) . The assumption underlying DEA is that all data assume specific numerical values.
Consider n decision-making units, DMU 
where λ indicates the intensity levels which make the activity of each DMU expand or contract to construct a piecewise linear technology (Färe et al. 1994 
Fuzzy Set Theory
Optimization techniques often used in economics are 'crisp' in that a clear distinction is made in a two-valued way between feasible and infeasible, and between optimal and nonoptimal solutions (Zimmerman, 1994) . The techniques do not allow for gradual transition between these categories, a limitation often referred to as the problem of artificial precision in formalized systems (Geyer-Schulz, 1997). Bellman and Zadeh (1970) were the first to suggest modeling goals and/or constraints in optimization problems as fuzzy sets to account for uncertainty and fuzziness of the decision-making environment.
Fuzzy set theory is a generalization of classical set theory in that the domain of the characteristics function is extended from the discrete set {0, 1} to the closed real interval [0, 1] . Zadeh (1965) defined a fuzzy set as a class of objects with continuum grades of membership. Suppose X is a space of objects and x is a generic element of X. A fuzzy set, A , in X can be defined as the set of ordered pairs:
where u A (x): X→M is the membership function and M is the membership space that varies in the interval [0, 1] . The closer the value of u A (x) is to one, the greater the membership degree of X to A . However, if M = {0, 1}, the set A is non-fuzzy 2 (Triantis and Girod, 1998) . A fuzzy set A can be defined precisely by associating with each object x a number between 0 and 1, which represents its grade of membership in A. Thus, u A (x) = 1 if x is totally in A, u A (x) = 0 if x is not in A, and 0 < u A (x) < 1 if x is partly in A.
Fuzzy set theory 3 is based on several topological concepts that are beyond the scope of this paper. The interested readers are referred to Kaufmann and Gupta (1991) and Zimmerman (1994) for an introduction to fuzzy sets theory and fuzzy mathematical models. However, terms like fuzzy sets, membership functions and fuzzy numbers will be used several times but no real knowledge of the theory of fuzzy sets is required. Basic concepts relevant to understand this paper are defined:
1. A set in convectional set theory, A, such as a set of large dairy farms (x) that produce at least 1000 litres of milk per day is represented as
universal set, U, is the set from which all elements are drawn, for example, all dairy farms. The convectional set is defined such that the elements in a universe are divided into two groups: members (those that do belong to it) and non-members (those that do not belong). 
A fuzzy set, drawn from U, allows its elements to belong to
The term "large dairy farms" here is vague and vary depending with the perception of an individual. Therefore, farms x 1 and x 2 can be considered large farms too but with degrees of membership 0.5 and 0.9.
3 Fuzzy set theory focuses on how to deal with imprecision or inexactness analytically.
The imprecision here is non-statistical or non-probabilistic (Levine, 1997) .
3. A fuzzy number is a quantity whose value is imprecise, rather than exact as is the case with single-valued numbers. Generally, a fuzzy number is a fuzzy subset of a real number, » , which is both normal and convex where normal implies that the maximum value of the fuzzy set in » is 1. It has a peak or plateau with membership grade 1, over which the members of the universe are completely in the set. The membership function is increasing towards the peak and decreasing away from it. Fuzzy numbers can be represented as linear, triangular, trapezoidal, or Gaussian.
A triangular fuzzy number, A , is a number with piecewise linear membership functions ( )
A u x defined by: 
< Insert figure 1>
5. The α-cut level of a fuzzy set is a crisp subset of X that contains all the elements of X whose membership grades are greater than or equal to the specified value of α. This is
Each α-cut level of a fuzzy number is a closed interval which can be represented as ( ) ( ) 
Fuzzy DEA with Triangular Membership Functions
Consider the convectional DEA model, equation 
The above model can be expanded to indicate the center, lower, and upper bound values as follows: 
This model is fuzzy and the usual linear programming method cannot solve it without being defuzzified. The α-cut level and extension principle is used to defuzzify the model by transforming the fuzzy triangular numbers to 'crisp' intervals that are solvable as a series of conventional DEA models as follows:
The model is solved by means of comparing the left hand side (LHS) and right hand side (RHS) of each equality/inequality constraint. The main advantage of the α-cut level approach used in this paper is that it provides flexibility for the analyst to set their own acceptable possibility levels for decision making in evaluating and comparing DMUs. Zadeh (1978) suggested that fuzzy sets can be used as a basis for the theory of possibility similar to the way that measures theory provides the basis for the theory of probability.
The fuzzy variable is associated with a possibility distribution is the same manner that a random variable is associated with a probability distribution. Therefore, the computed fuzzy efficiency scores are viewed as a fuzzy variable in the range [0, 1]. Sengupta (1992) was the first to propose a mathematical programming approach where fuzziness was incorporated into DEA by allowing the objective function and the constraints to be fuzzy. The stochastic DEA model was to be solved using chanceconstrained programming and required the analyst to supply information on expected values of variables, the variance-covariance matrices of all variables, and the probability levels at which the feasibility constraints are to be satisfied. This method was difficult to implement due to those data requirements.
Literature Review
Triantis and Girod (1998) suggested a mathematical programming approach that transforms fuzzy inputs and outputs into crisp data using membership function values. estimation is more desirable than point estimation of the efficiency score in the absence of certain data. However, they caution that the number of missing data should be restricted to a level such that the number of DMUs, after taking off DMUs with a lot of missing values, should be at least two to three times of the total number of inputs and outputs specified in the model. This study used the ranking approach to rank fuzzy efficiency scores.
Data
Fuzzy DEA is applied to compute the technical efficiency scores of 34 dairy farms in Pennsylvania using the α-cut level approach. The dairy producers use three inputs (land, labor, and cows) to produce two outputs (milk and butterfat). The data is obtained from Stokes et al. (2007) who used the convectional DEA to computed technical efficiencies, assuming that either the data is precise or the relationship between inputs and outputs is deterministic. However, the authors hint that the data may not be precise, "Due to the structure of the data set it was not possible to determine whether all resources such as land or labor were utilized by the dairy operations." (pp 2558).
To illustrate the application of fuzzy DEA, uncertainty is introduce in the data by 
where Y and X are matrices of the fuzzy outputs and inputs. The data is listed in Table 1 .
The spread for each variable is generated as a random number using the random number generator in Microsoft Excel. For the purpose of this study, we assume that the spread for labor is a random number between 0 and 1. The spread for cows is between 1 and 10 and that of land is between 1 and 20. The spread of milk is between 100 and 500 and for butterfat is between 1 and 20 7 .
6 Symmetric fuzzy numbers means that the upper and lower spreads are equal, i.e., 
Empirical Results
The lower bound and upper bound input reducing technical efficiency scores ( ) i α θ are presented in Table 2 and Table 3 . The input and output data were assumed to be imprecise and, therefore, the computed efficiency scores are fuzzy too. In general, the lower bound technical efficiency scores ( ) The computed fuzzy efficiency scores need to be ranked in order to determine how each farm performs relative to the other farms in an uncertain environment. The ranking of the fuzzy efficiency scores can be compared to the ranking of scores of the convectional DEA model in order to discriminate which decision-making units are sensitive to the variation of the inputs/output variable measurement inaccuracy. We use the Chen and Klein (1997) ranking method to compute an index, I, for ranking fuzzy numbers as: 
Conclusions
The main objective of this paper was to introduce fuzzy DEA models by literature review and application as an alternative for analyzing the productive efficiency of agricultural entities in an uncertain environment. Fuzzy DEA models were found to be applicable when expert judgment or environmental variables (linguistic variables) needs be incorporated into the convectional DEA model, when there are missing data and when the measurement of the data is imprecise.
An empirical example of symmetrical triangular membership functions was used to illustrate the application of fuzzy DEA to a group of 34 dairy farms in Pennsylvania. The α-cut level approach was used to convert the fuzzy DEA scores into crisp scores. The fuzzy DEA model was able to discriminate the farms whose efficiency performance is sensitive to variation in the inputs/outputs. Compared to the classical DEA model, results
from the fuzzy DEA model allow for a determination of robustness and lead to recommendations that are more rigorous.
We conclude by arguing here that it will be interesting to apply empirical fuzzy DEA models in the field of agricultural economics using the α-cut level approach. Given the incomplete knowledge of input and output measures often used in DEA models, fuzzy DEA models will provide agricultural economists with an additional tool for efficiency analysis. Uncertainty always exists in human thinking and judgment. Research in efficiency and productivity analysis should apply recent advancements in DEA that address current concerns. Fuzzy DEA can play an important role for evaluation performance of decision-making units when data are imprecise. 
